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ABSTRACT

/3287

The concept of a stochastic process is discussed,

and sequential correlation is defined. Equations are pre-
sented for obtaining the minimum variance estimate of the
state of the process when given linearly related data sam-
pled at discrete times. These results are extended to the
continuous case, yielding a linear differential equation
for the time-varying estimate. This equation is solved
to obtain an integral representation of the estimate. An

application of the estimation technique is developed.

RurHdh

I.  INTRODUCTION'

This paper is concerned with the task of continuously estimating the time-varying state of a
stochastic process when given data which are linearly related to that state. Thus the observed data vector

¢(t) is given by
¢ = 4() x(p) »

where ¢ is time, 4 (¢) is a known matrix, and x (¢) is the state of some stochastic process. It is the quantity
% (t) which is to be determined. The rank of 4 (#) is assumed to be less than the dimension of x(t), so that

the correct value of x(t) can only be estimated. The estimation procedure to be discussed here will be

lColumu vectors are small letters; matrices are capital letters; the superscript T denotes the transpose; other
superscripts denote scalars; ¢ is time; the star (*) refers to an estimated quantity; the symbol E [---] indicates the ex-

pected value of the bracketed quantity over the ensemble of all similar experiments.
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. THE SEQUENTIALLY CORRELATED STOCHASTIC PROCESS

The concept of a stochastic process to be considered here follows the discussion in Ref. 1. Briefly,
one is to imagine a random process with a time-dependent output vector, x(¢), such that each component is a
random variable (see Fig. 1). The continuous process can be thought of as the limiting case of a discrete

process, which is constructed as follows. Let

{t()’ £ysees

be an arbitrarily chosen set of sample times, and let

be the corresponding sequence of output vectors on any given experiment, where x; has been used to denote
x; = x(ti) (5)

If this time sequence is held fixed over the ensemble of all similar experiments there exists a set of time-

dependent ““first”” probability density functions "(r", t.), defined over this ensemble, such that
P ty y i

probability («* < &% < ok + d* ate=1) = fE (s, 1) @ ©)

k

where x* is the kth component of the vector x. There also exists a set of time-dependent ““second’” probabil-

ity density functions f¥!(xF, «!, t; zl.), such that

probability («* < fk < xf 4+ di* at L < < fl < b 4+ dot at t].) = fkl(xk, xl, t t].) doF it (D

For¢, = 2 Eq. (7) describes the joint probability density function for the random variables x':‘ and xf.
Similarly, there exists an nth-order probability density function of the stochastic process. (Only the second-
order functions will be needed for the analysis presented here). If it is assumed that the probability density
functions introduced above exist for all times L and are continuous functions of t; and tl., the stochastic

process will be said to be continuous.
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for all £, < b < b where R (t]., ti) is the normalized correlation matrix defined by Eq. (12).

It is shown in Ref. 2 that a sequentially correlated process is a Markoff process if the xi‘ are

Gaussian random variables.
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The covariance matrix describing the error in this estimate is

IN A A T T
A/ = FE [(x/-x]) (x/-x/) ] = A/—R/" [Al-A;k] R]l

Upon introducing the data vector qbi, the minimum variance estimate of x; becomes
A A
*= x.+W. (b, ~ A4, x,
o= x e ¥ -4 %)
where
A A -1
W. = A AT (4. A AT
7 71 [ 17 1] ]

and the covariance matrix describing the error in this estimate is
* A N
A = *_x)(x*—x)T] = A.-W. 4. A.
j = E LG -2) (F-x)7) = A -V 4 A;

The process is repeated at time ¢, > > yielding a sequential estimate of the x,.

(18)

(19)

(20)

(21)
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Thas, to first order in A,

(4; R 4T = (4,0, 471 A (30)
v, = (A7 AT + 0, 471 14, 0, AiT]_l (31)
(A~ AT = {Q, =W, [4; A +4,0,1} A (32)

Note that W]. is specified in terms of quantities defined at z,. (The matrix inverse in Eq. (31) is assumed to
exist.) Dividing both sides of Eq. (32) by At, and taking the limit as At - 0, the (nonlinear) differential

equation for the covariance matrix of the error in the estimate x*(t) s found to be

AN = Q-WwI[dA +40] (33)

dt

where Q(¢) is defined by Eq. (28) and W (¢) is defined by Eq. (31). The subscript i has been dropped in Eq.
(33), indicating that all quantities are continuously evaluated at the variable time t. Equation (33) can be

integrated to obtain /\*(t).

From Eq. (19) it follows that
*
A, x, = <;bi (34)

Thus Eq. (19) becomes, to first order in At,

[ef - xf) = (R;xf+ W, [~ A, R, xF - A, x¥]} At (35)

Proceeding as with Eq. (32), the (linear) differential equation for the estimate x*(t} is found to be

d * .
— [2*] = Mx +W ¢ (36)

dt
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Y. AN APPLICATION OF THE ESTIMATION TECHNIQUE

Consider the simple estimation problem presented in Section I, where the observation is

@) = 210 +220) = Az (@) (38)

and 4 = [1, 1]. The quantity x7(s) = [xl(t), xz(t) ] is the vector to be estimated. Let

AR = E [« xT()] = = constant (39)

exp -a(t]. -t) 0

R 1) = E [x() =7()) A7) = (40)
0 1
and hence
. IR, 1) e 0
R() = | —— = (41)
9¢ 0 0

Thus the particular process in mind is composed of an exponentially correlated variable ! (£) with
constant variance O’%, and an unknown constant x2, with variance U%. The cross correlations are zero. The
estimation problem could be interpreted as the extraction of the constant x2 from the ““noise’’ ! (), or as the

recovery of the “signal” x1(¢) in the presence of the measurement bias x2.

It will be convenient to define the matrix

AW = A= A (42)

n
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where f(¢) = 2 (+2 + at/2 + 1). Equation (48) integrates to yield

@) = Ho) <“” ) IO (2 +l> -(Ji> /.¢hih- (49)
£ 10 @) %

20 = a0 — 210 (50)

Notice that as @ > o and/or as t - oo,

* 1
20 — * Hr) dr (51)

13
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Vil.  DISCUSSION OF THE RESULT

It has been shown that the estimation equation for adiscrete, sequentially correlated stochastic
process extends to the continuous case to yield a linear differential equation for the time-varying estimate.
Only the rate of change of the observed data vector enters into this equation, which is a consequence of
applying the relationship (34). The reader may be tempted to carry this process one step further, and

substitute
H@) = A@) £ @)+ AD) % () (56)

into Eq. (36), thereby eliminating any consideration of the data at all. It can be quickly verified, however,

that this leads to a differential equation for the estimate which has no unique solution.

In order to solve Eqgs. (33) and (36) numerically with a digital computer it may be convenient to

express them as difference equations; i.e.,

* * . *

Aa =N +(Qi‘ Won U4 A + 4, Qi]) (g —1) (57)
%* %* *

i+l T (Ri+l,i) x + Wi [¢i+1 -4 Ri+1,i) %; ] (58)

where Q; and W, are evaluated from Eqgs. (28) and (31). Equations (57) and (58) are the limiting cases of (19)
and (21) as (ti - ti) - 0. It is interesting to note that in passing from the discrete to the continuous case
certain new matrices appear, such as A, 4, and R, and other combinations of terms go to zero. The difference
equations (57) and (58) could therefore experience different numerical behavior than Eqs. (19) and (21) when
being evaluated on a digital computer, even though the results are theoretically identical in the limiting case
At 5 0. Thus the continuous form of the estimate might be preferable for some practical problems where

numerical stability must be considered.

15
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